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Abstract 
 
We propose an enhanced controller to improve the robustness of Time Delay Control (TDC) for a robot manipulator in the presence of 

nonlinear friction, such as Coulomb friction. The problem of TDC is first analyzed with TDC as a trajectory control for a robot manipula-
tor in the presence of nonlinear friction. Gradient estimation is used to solve this problem. The proposed controller is called TDC with 
Gradient Estimator (TDCGE). Comparing with a prior research to improve the robustness of TDC, named TDCSA, the TDCGE is much 
simpler to design. Through 1 DOF linear motor experiment, it is verified that the TDCGE is more robust against nonlinear friction than 
TDC and the TDCGE has a similar robustness to the TDCSA. In addition, it is confirmed that the TDCGE is easily implemented in the 
multi degree-of-freedom robot manipulator through a 3 DOF spatial robot manipulator experiment. 

 
Keywords: Robust tracking control; Robot manipulator; Time delay control; Nonlinear friction; Gradient estimation 
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 
 
1. Introduction 

The Time Delay Control (TDC) [1-3] is a control technique 
which compensates for system uncertainties - for example, un-
modeled dynamics, parameter variations and disturbances -by 
utilizing time delay estimation (TDE) without modeling, and 
inserts desired dynamics into the plant. Owing to the effec-
tiveness and efficiency of the time delay estimation (TDE), the 
TDC is robust and yet is characterized by a compact structure 
and relatively simple gain selection procedure. So, The TDC 
has been applied to many mechanical systems and control 
schemes, with consistently good results. [4-9] 

However, in the presence of nonlinear friction, TDC shows 
noticeable performance degradation [10]. Coulomb friction 
and stiction often cause large tracking errors as a consequence 
of their rapid dynamics when a plant crosses zero velocity.  

Nonlinear friction is not only common in practice but also 
has significant effects on robot dynamics. Coulomb friction is 
everywhere and accounts for as much as 30 percent of the 
maximum motor torque in some robot drive trains, such as a 
PUMA arm [11]. Static friction is dominant in robot manipu-
lators that incorporate, for example, pneumatic cylinder sys-

tems [10] and pneumatic valve [12]; yet, it can occur in any 
plant although its level is insignificant. 

Recently, to overcome the performance degradation of the 
TDC in the nonlinear friction, the TDC was combined with 
switching action based on sliding mode control (SMC) [10, 13, 
14]. This control scheme was named the TDCSA. The 
TDCSA was applied to robot manipulators and excavator 
systems with good results. The TDCSA, however, was associ-
ated with some drawbacks. First, the use of signum function 
tended to cause chattering in the tracking response. In addition, 
two extra gain matrixes tuning were needed if signum func-
tion was replaced with saturation function in order to avoid 
chattering; these imposed a further burden on the design of the 
controller. 

Accordingly, an enhanced robust control for robot manipu-
lator in the presence of nonlinear friction is proposed in this 
paper. The proposed control consists of one estimator to over-
come the effect of nonlinear friction and an original TDC for 
robot manipulators. The proposed control is called the TDC 
with gradient estimator (TDCGE). Gradient estimation is very 
simple, always convergent and more robust against time-
varying parameter than other estimation methods, such as a 
standard least square estimation. By the gradient estimator, the 
effect of nonlinear friction is suppressed without modeling and 
chattering in the tracking response. Moreover, although the 
gradient estimator has an additional gain matrix, which should 
be tuned, the selection procedure of this gain matrix is simple 
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and intuitional. As a result, the TDCGE can be simply imple-
mentable than the TDCSA. The property of the gradient esti-
mator is discussed in Section 3. Through 1 DOF linear motor 
experiment, it is verified that the TDCGE is more robust 
against nonlinear friction than the TDC and the TDCGE has a 
similar robustness to the TDCSA. Of course, we confirm that 
the TDCGE is much more implementable than the TDCSA. In 
addition, through 3 DOF spatial robot manipulator experiment, 
we also confirm that the TDCGE is easily implemented in the 
multi degree-of-freedom robot manipulator. 

This paper is outlined as follows. In Section 2, the TDC are 
briefly reviewed and its problem is analyzed. The enhanced 
robust controller is proposed and some of its properties are 
analyzed in Section 3. The practical design procedure of the 
proposed control is also discussed in Section 3. In Section 4, 
the advantages of the TDCGE are verified through a 1 DOF 
linear motor and a 3 DOF spatial robot manipulator experi-
ment. At last, concluding remarks are given in Section 5.  
 

2. Problems of TDC due to the TDE error 

We summarize the Time Delay Control (TDC) scheme for 
robot manipulators [4] and analyze its problems concerning 
the TDE error [10]. 

 
2.1 Review of the TDC  

The dynamics Eq. of a n DOF robot manipulator in joint 
space coordinates is given by: 
 

( ) ( ) ( )τ = M θ θ + V θ,θ + G θ + F + D�� � , (1)  
 
where n∈ℜτ  denotes the actuator torque; n∈ℜθ,θ,θ� ��  the 
joint angle, joint angular velocity, and joint angular accelera-
tion, respectively; ( ) n n×∈ℜM θ  the inertia matrix; 
( ) n∈ℜV θ,θ�  the Coriolis and the centrifugal forces; 
( ) n∈ℜG θ  terms due to gravity; n∈ℜF,D  friction term and 

disturbance, respectively. Introducing a constant matrix M , 
another expression of (1) is obtained as follows: 
 

( ),τ = Mθ + H θ,θ θ�� � �� , (2)  
 
where n n×∈ℜM  is positive definite diagonal matrix; 
( ),H θ,θ θ� ��  the total sum of the nonlinear dynamics of robot 

manipulators, frictions and disturbances and is described as:  
 

( ) ( ) ( )
( )

,
                   

⎡ ⎤⎢ ⎥⎣ ⎦H θ,θ θ = M θ - M θ + V θ,θ
+ G θ + F + D

� �� �� �
. (3)  

 
The control objective of TDC, like the computed torque 

method is to achieve the following error dynamics as follows: 
 

D Pe + K e + K = 0�� � , (4) 
 

where de θ - θ�  denotes a tracking error vector. To this end, 

the computed torque τ  is designed based on the computed 
torque control as follows: 
 

( )ˆ ,τ = Mu + H θ,θ θ� �� , and (5) 

( ) ( )d D d P du = θ + K θ - θ + K θ - θ�� � � , (6) 
 
where ( )ˆ ,H θ,θ θ� ��  denotes the estimated value of ( ),H θ,θ θ� �� ; 

n∈ℜd d dθ ,θ ,θ� ��  desired position, desired velocity, and desired 
acceleration, respectively; and n n×∈ℜDK , n n×∈ℜPK  rep-
resent the diagonal gain matrices of decoupled PD controllers. 
In essence, the control (5) attempts to cancel ( ),H θ,θ θ� ��  in (2) 
by ( )ˆ ,H θ,θ θ� ��  and inject a desired dynamics in (6). Whereas 
the computed torque method incorporates real-time computa-
tion of ( )ˆ ,H θ,θ θ� ��  based on a robot dynamic model, TDC 
uses the time delay estimation (TDE) described as follows:  
 

( ) ( ) ( )ˆ, , ,
t L−

≈H θ,θ θ H θ,θ θ H θ,θ θ� �� � �� � ��� , (7) 
 
which is the essential idea of the TDC. Notice that t L−•  
means time delayed valued of• . Under the assumption that 
H  is continuous or piecewise continuous and the time delay 
L  is sufficiently small, the TDE is the excellent estimation 
of H . 

The TDE can be derived from (2) as follows: 
 

( ), t L t Lt L − −−
H θ,θ θ = τ - Mθ� �� �� . (8) 

 
Note that (8) is a causal relationship. The final form of TDC 
results from (5)-(8) like this: 
 

( )
( ) ( )

 : to cancel out 

: to inject desired error dynamics

t L t L

d

− −−

⎡ ⎤+ − −⎢ ⎥⎣ ⎦

TDE H θ,θ,θ

d D P d

u

τ = τ Mθ

M θ + K θ θ + K θ θ

� ��

��
������	�����


�� � �
���������������	��������������


. (9) 

 
Owing to the TDE, the TDC has a simple structure and is 

very efficient – approximately as efficient as a typical PID 
control. Furthermore, since M  is selected as a diagonal ma-
trix, the TDC can be designed for n individual joint controllers 
by using each diagonal element of M , that of DK , and that 
of PK . Fig. 1 shows the block diagram of the closed-loop 
system due to the TDC. Notice that the TDC may be viewed 
as consisting of two functions: (A) u  to inject desired error 
dynamics (feed-forward function processing dθ + PD-type 

PLANTM

Lse− -

+

τ θ
2

D Ps s+ +I K K
u

2sM

+

+

dθ -

D Ps +K K

+

(A) feed-forward function processing

(A) PD-type feedback

(B) Time Delay Estimation

 
 
Fig. 1. Block diagram of the TDC: dashed box (A) denotes the part to 
inject desired error dynamics; (B) Time Delay Estimation (TDE). 
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feedback of θ ); (B) TDE to cancel out ( ),H θ,θ θ� �� . 
 

2.2 Problems of the TDC concerned with the TDE error 

If the time delay L  is set infinitesimally small, a perfect 
estimation of ( ),H θ,θ θ� ��  would be possible by using the TDE. 
Because of digital implementation, however, the smallest 
value for the time delay L  is the sampling time, which is 
finite. Therefore, the estimation error results from a finite L . 
The following relationship is derived from substituting (5) into 
(2) and considering (7): 
 

( ) ( )
( ) ( ) ( )

ˆ, ,

, ,
t L−

−

= − =

H θ,θ θ H θ,θ θ

H θ,θ θ H θ,θ θ M u - θ

� �� � ��

� �� � �� �� . (10) 

 
The LHS of the above Eq. denotes the estimation error. Now 
define the TDE error, ε  as follows: 
 

( ) ( ), ,
t L−

⎡ ⎤ =⎢ ⎥⎣ ⎦
-1ε M H θ,θ θ - H θ,θ θ u - θ� �� � �� ��� . (11) 

 
Substituting (6) into (11), we obtain the closed-loop error dy-
namics of TDC as follows: 
 
= D Pε e + K e + K e�� � . (12) 

 
Eq. (12) clearly shows the impact of the TDE error, ε  on the 
desired error dynamics: ε  causes the resulting dynamics to 
deviate from the desired error dynamics. 

Especially, under nonlinear frictions, such as Coulomb fric-
tion and static friction, F  of (3) becomes discontinuous and 
then the continuity assumption of ( ),H θ,θ θ� ��  in (7) is invalid. 
As a result, a large TDE error is occurred in (11) under 
nonlinear frictions. A large TDE error results in a large track-
ing error as (12). 
 

3. Proposition: Time Delay Control with Gradient Es-
timator (TDCGE) 

An enhanced controller, which has a function to compen-
sate for the TDE error, is proposed. The proposed control is 
called Time Delay Control with Gradient Estimator (TDCGE). 
The gradient estimator of the TDCGE estimates and compen-
sates for the TDE error. The properties of the gradient estima-
tor are analyzed in detail. For real implementation of the 
TDCGE, practical design procedure of the TDCGE is also 

introduced. 
 

3.1 Derivation of the TDCGE 

To estimate and compensate for the TDE error, the gradient 
estimator term, ε̂  is introduced in the control input of the 
TDC(9). Combining previous formulation, the control law of 
the TDCGE is proposed by 
 

( ) ( )
ime elay stimation

: to inject desired error dynamics

: to compensate for TDE

      

ˆ      

t L t L

d

− −−

⎡ ⎤+ − −⎢ ⎥⎣ ⎦

+

T D E

d D P d

u

Gradient Estimator

τ = τ Mθ

M θ + K θ θ + K θ θ

Mε

��
������	�����


�� � �
����������������	���������������


N
 error

. (13) 

 
Then, with the combination of (13) and (2), the closed-loop 
error dynamics of the TDCGE is defined as follows: 

 
ˆ− =−D Pe + K e + K e = ε ε ε�� � � , (14) 

 
where ˆ−ε ε ε��  denotes the estimation error about the TDE 
error. 

A cost function of the estimation error was made as follows: 
 

( ) 1
2

= TJ ε ε ε� � � . (15) 

 
If the TDE error was slow-varying or constant, the gradient 

estimator was designed by the gradient method as follows: 
 

( )ˆ
ˆ

∂= = = + +
∂GE GE GE D P

Jε -K -K ε K e K e K e
ε

� �� �� , (16) 

 
where ( )1

, ,
nGE GEdiag K KGEK � …  denotes the estimator gain 

matrix of which elements are always positive. The gradient 
estimator in (16) is updated in the direction of decreasing TDE 
error, because the gradient estimator always makes the slope 
of cost function be negative.  

The overall control law of the TDCGE is as follows: 
 

( ) ( )

N

ime elay stimation

: to inject desired error dynamics

: to compensate for TDE error

  

ˆ  

t L t L

d

− −−

⎡ ⎤+ − −⎢ ⎥⎣ ⎦

+

T D E

d D P d

u

Gradient Estimator

τ = τ Mθ

M θ + K θ θ + K θ θ

Mε

��
������	�����


�� � �
����������������	���������������


, (17) 

 
where 

 

ˆ .dt
⎛ ⎞⎟⎜= + + ⎟⎜ ⎟⎜⎝ ⎠∫GE D Pε K e K e K e�  (18) 

 
The block diagram of the TDCGE is shown in Fig. 2. No-

tice that the TDCGE only consists of an original TDC for a 
robot manipulator [4] and the gradient estimator. Because of 
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2sM

+

+
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+
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+

Gradient Estimator

ε̂

 
 
Fig. 2. The block diagram of the TDCGE: original TDC + Gradient
Estimator. 
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using the TDE, the TDCGE does not need a complete compu-
tation of the robot dynamics as the TDC. The additional inte- 

gral term in (18), dt∫GE PK K e  makes the TDCGE have  

better control performance than the TDC. 
Note that the TDCGE has only one additional gain ma-

trix GEK , whereas the TDCSA has two extra gain matrixes. 
As a result, the TDCGE can be simply implementable than the 
TDCSA. 

The stability analysis of the TDCGE is analyzed in Appen-
dix. 

 
3.2 Gradient estimator: High-pass filter for the TDE error 

In order simply to analyze the property of the gradient esti-
mator, assume that we apply the TDCGE to 1 DOF robot ma-
nipulator.  

From ˆε ε ε−�� and (16), the time derivative of the estima-
tion error about TDE error ε�  can be obtained as: 

 
ˆ GEKε ε ε ε ε= − =− ⋅ −�� � �� � , (19) 

 
where ε denotes the TDE error as (12); ε̂ the gradient estima-
tor term of the TDCGE (13). 

The frequency response function of (19) is derived as fol-
lows: 
 

( ) ( )
( )

( )
( ) 2

1/

1 1/

GE

GE

Kj
G j

j K

ωε ω
ω

ε ω ω
= =

⎡ ⎤+ ⎣ ⎦

�
. (20) 

 
Fig. 3 shows the frequency magnitude plot of (20). Fig. 3 

shows that the low frequency part of the TDE error ( )sε  is 
cancelled out by the gradient estimator. Therefore, the gradi-
ent estimator can be thought as a high-pass filter for the TDE 
error. The cut-off frequency of this filter is GEK . As increas-
ing GEK , the better robustness against the TDE error is ex-
pected in the TDEGE. However, the very large GEK  cannot 
be used in the real implementation of the TDCGE. The de-
tailed selection procedure of GEK  is demonstrated later.  

Through the simulation using 1 DOF manipulator (Fig. 4) 

with Coulomb friction model (Fig. 5), one of nonlinear fric-
tion, it is verified whether the low frequency part of the TDE 
error is compensated by the gradient estimator or not. Notice 
that the control gains of the TDC and the TDCGE in this 
simulation are determined as 1.0M = , 20DK = , 

100PK = and 0.001secL= . And the estimator gain of the 
gradient estimator in TDCGE is chosen as 50 or 100GEK = . 
The desired trajectory of this simulation is set as follows: 
 

( ) ( )1 10.0sin deg
2d t tπθ

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎟⎜⎝ ⎠
. (21) 

 
Fig. 6 shows the power spectrum of the TDE error, defined 

as(12) in the case of TDC and the power spectrum of the esti-
mation error about the TDE error, defined as (14) in the case 
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Fig. 3. Frequency magnitude plot of (20). 

 
 
Fig. 4. 1 DOF manipulator: ( )1.0 kgm= and ( )1.0 ml = . 

 

 
 
Fig. 5. Coulomb friction model: ( )5.0 Nmslipτ = denotes the Cou-
lomb friction coefficient. 
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of TDCGE. Through Fig. 6, we confirm that the gradient es-
timator compensates for the low frequency part of the TDE 
error and the low frequency part of the TDE error is more 
cancelled out with an increase in GEK . 

Notice that, in the design of the gradient estimator, we used 
one assumption as follows: the TDE error was slow-varying 
or constant. Through Eq. (19) and (20), it is confirmed that the 
gradient estimator sufficiently compensates for the low fre-
quency part of the TDE error under the situation that the TDE 
error is not constant or slow-varying. 

 
3.3 Practical design procedure of the TDCGE 

The proposed control has quite a few design variables; one 
can design the controller only by choosing the gains 
( M , DK , PK  and GEK ) and the sampling time L . It is 
another advantage of the TDCGE that the choice of the gains 
( M , DK , PK  and GEK ) and the sampling time L  are as 
simple as the TDC. Especially only two gain matrices, M  
and GEK  must be tuned for control law. The design proce-
dure of the TDCGE is introduced briefly in the following. 

 
Step 1: Select a sampling time interval L  
Select a sampling time interval L  of closed-loop system 

with considering the speed of the controller hardware [15]. 
Commonly, faster sampling provides better performance be-
cause smaller L  makes the TDE in (7) more exact. 

 
Step 2: Determine desired error dynamics 
Determine desired error dynamics in (4) for each joint. Af-

ter choosing the desired natural frequency, niω , and the de-
sired damping ratio, iς , one can systematically design DK  
and PK  whose diagonal elements are 2Di i niK ς ω=  and 

2
Pi niK ω= , respectively. 
 
Step 3: Gain tuning of M  
The best performance was obtained by directly using the di-

agonal elements of ( )M θ  directly in the simulation without 
noise. For real system, the tuning of ( )1, , ndiag α α=M "  is 
dependent on the diagonal elements of ( )M θ  and the noise 
of the system as below. The effect of the noise may be ampli-
fied due to calculation of t L−θ��  by numerical differentiation 
introduced in [3]. Fortunately, M  of the proposed control 
has an implicit function of the low pass filter (the same goes 
for TDC). In detail, it is possible to attenuate noise without 
explicitly using an additional low-pass filter by lowering M  
[2]. 

A simpler formulation of (17) is 
 

( )
( ) ( ) ˆwhere 

t L t L

d

− −−

− −d D P d

τ = τ + M v θ ,

v = θ + K θ θ + K θ θ + ε

��

�� � �  (22) 

 
If a digital low-pass filter with the cutoff frequency λ  is 

adopted, the control law can be modified as follows: 
 

( )
( ) ( )

1filtered

1 filtered

' 1 '
             1 ' 't L L

λ λ
λ λ λ

−

−
−

+
+ + =

τ = τ
τ

, (23) 

 
where τ  denotes the input to the filter and filteredτ is the 
output from the filter.  

Substituting (22) into (23), the following filtered control law 
is obtained by 
 

( ) ( )1filtered filtered ' 1 't L t Lλ λ −
− −+ + −τ = τ M v θ�� . (24) 

 
Comparing (22) and (24) clearly shows that lowering 

M has the same effect as using a first-order low-pass filter. 
Therefore, the detailed gain tuning of M  is as follows: Af-

ter letting ( )1, , ndiag α α=M " , one can tune the parameters 
1α  (for joint 1) to nα  (for joint n ), separately. For each iα , 

set iα  as a small positive value at first, then increase iα  just 
before the closed-loop system has noisy response. After 
choosing all of iα  for each joint, test the case when all joints 
are controlled simultaneously; and adjust each iα . 

 
Step 4: Gain tuning of GEK  
Incidentally, when M  is lowered for practical use to filter 

the noise, the TDE error estimation effect of the last term in 
(17) would be reduced. In this case, one can increase GEK  as 
much as possible to make the last term in (17) function effec-
tively. The enhancement of performance is expected as in-
creasing GEK , because the low frequency part of TDE error is 
more cancelled out with an increase in GEK  as shown in Fig. 
6. Notice that the noisy response of closed-loop system can be 
occurred in a larger GEK , because the high frequency part of 
estimation error ε�  is more dominant as increasing GEK  
(Fig. 6). Therefore, the detailed gain tuning of GEK  is as 
follows: After letting ( )1

, ,
nGE GEdiag K K=GEK … , one can 

tune the parameters 
1GEK  (for joint 1) to 

nGEK  (for joint n ), 
separately. For each

iGEK , set 
iGEK  as a small positive value 

at first, then increase
iGEK . The elements of GEK , 

iGEK  are 
set with highest possible values without control chatter.  

To summarize Section 3, we have derived the TDCGE for 
robot manipulators in order simply to compensate for TDE 
error. We have made out that the gradient estimator of the 
TDCGE can be thought as a high-pass filter for the TDE error. 
And we have confirmed that the TDCGE has a simple gain 
selection procedure as the TDC. 
 

4. Experimental verification 

Through 1 DOF linear motor experiment, it is verified that 
the TDCGE is more robust against nonlinear friction than 
TDC and the TDCGE has a similar robustness to the TDCSA. 
Of course, it is ascertained that the TDCGE is more simply 
implementable than the TDCSA. In addition, through 3 DOF 
spatial robot manipulator experiment, it is confirmed that the 
TDCGE is easily implemented in the multi degree-of-freedom 
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robot manipulator. 
 

4.1 1DOF linear motor experiment 

4.1.1 Experiment setup 
We have experimented on the linear motor, JTM10 shown 

in Fig. 7. The reduced mathematical model of linear motor 
system is as follows: 
 

2

2 ,i i
E f

T T

MR Rd x dxK F u
K dt Kdt

+ + =  (25) 

 
where x  denotes the position of motor; u  the input volt-
age; 3M kg= the mover mass of motor; 16 /TK N A= the 
force constant; fF the friction force; 15.2iR = Ω the electrical 
resistance; 16 sec/EK V m= ⋅ means the back-EMF constant. 

The desired trajectory is: 
 

( ) ( )( ) 10.0 1 sin ( )d t
d t dx e t mmω ω−= − , (26) 

 
where dω  denotes the frequency of reference trajectory, 
0.25Hz. 

The TDC [4] is designed as follows: 
 

( ) ( ) ( )

( ) ( )( )        
t t L t L

d D d P d

u u Mx

M x K x x K x x
− −= −

+ + − + −

��

�� � �
. (27) 

 
The TDCSA [10] is designed as follows: 
( ) ( ) ( )

( ) ( )( )        
        sat( , )

t t L t L

d D d P d

SA

u u Mx

M x K x x K x x
K s φ

− −= −

+ + − + −
+

��

�� � � , (28) 

 
where 
 

( )

  if 
sat( , )

sgn  if 

i
i i

i i i

i i i

s s
s

s s

φ
φ φ

φ

⎧⎪⎪ <⎪⎪= ⎨⎪⎪ ≥⎪⎪⎩

. (29) 

 
And the TDCGE (17) and (18) is designed as follows: 
 

( ) ( ) ( )

( ) ( )( )
( )

        
ˆ        

t t L t L

d D d P d

t

u u Mx

M x K x x K x x
Mε

− −= −
+ + − + −
+

��

�� � � , (30) 

 
where  
 

( ) ( ) ( ) ( )( )ˆ GE d D d P dt K x x K x x K x xε = − + − + −� �� �� � � . (31) 
 

Incidentally, the derivative terms, x� and x�� , are calculated 
by using numerical differentiation [3].  

 

 
 
Fig. 7. Linear motor (JTM 10). 
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Fig. 8. Experimental Results of Linear Motor - TDC, TDCSA and TDCGE. 
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For the TDC, the TDCSA and the TDCGE, the desired er-
ror dynamics in (4) is designed to have same natural fre-
quency and damping ratio as 10nω = rad/s and 1ς = for 
critical damping, respectively, resulting PD gains 

20DK = and 100PK = . Both the sampling time and the time 
delay for TDE are set to 0.001sL= . 

All tuning gains of the TDC, the TDCSA and the TDCGE 
are best tuned to minimize tracking error as shown in Table 1. 
Notice that, in the design of the TDCSA, since there is no 
guide-line to tune SAK andφ , it was very difficult to select 
them. As a result, we spent much longer time in designing the 
TDCSA than the TDC or the TDCGE. 

 
4.1.2 Experiment result 

Experimental results are shown in Fig. 8. And maximum 
tracking errors are arranged in Table 2. The plant controlled 
by TDC has large tracking error due to coulomb friction, one 
of nonlinear friction, when the plant passes by zero velocity 
(Fig. 8(d)). In the TDCGE case, tracking error is substantially 
reduced, and then it is confirmed that the gradient estimator 
works well (Fig. 8(f)). The performance of the TDCGE is 
similar to the case of the TDCSA. As a result, it is ascertained 
that the TDCGE is more simply implementable control 
scheme than the TDCSA with an excellent robustness as the 
TDCSA. 

 
4.2 3 DOF spatial robot experiment 

4.2.1 Experiment setup 
We have experimented on a 3 DOF spatial industrial robot, 

Samsung Faraman-AT2 shown in Fig. 9. Its maximum pay-
load is 3 kg, and the maximum continuous torques are 0.637, 
0.637 and 0.319 Nm for joints 1, 2 and 3 respectively. The 
gear-reduction ration and the encoder resolution of each joint 
are 120:1 and 2048 pulses/rev, respectively. Resolution of 
each robot joint is 43.66 10−× deg (quadrature encoder). The 
parameters of robot dynamics were assumed to be unknown, 
and thus were not used. 

The desired trajectories for all joints are set as follows: 

( ) ( )1 sind t
di d dA e tωθ ω−= − , (32) 

where 10degdA =  and 0.4 rad/sdω π= . 
For the TDC (9) and the TDCGE (17), the desired error dy-

namics in (4) is designed to have same natural frequencies and 
damping ratios as 10rad/sniω =  and 1iς = , respectively, 
resulting PD gains 20Dik =  and 100Pik = , where i  de-
notes i -th joint. The time delay is set with the sampling time, 
as 0.001sL= .  

For the TDC and the TDCGE, M  was selected by the 
gain tuning procedure in the Step 3 of Section 3.3, which is 

 
0.031 0 0

0 0.024 0
0 0 0.0192

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

M . (33) 

 
When M  is increased over the above value, there are no 
further improvements of errors; in contrast, loud sounds from 
the robot joints were heard. 

For only the TDCGE, the estimator gain matrix, GEK  are 
determined as 

 
50. 0 0
0 45. 0
0 0 71.5

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

GEK , (34) 

Table 1. Control gains for 1 DOF linear motor experiment. 
 

 TDC TDCSA TDCGE 

M  0.0003 0.0003 0.0003 

SAK  ×  0.10 ×  

φ  ×  7 ×  

GEK  ×  ×  0.0004 
 
Table 2. Maximum tracking errors. 
 

 Maximum tracking errors 

TDC 0.60mm±  

TDCSA 0.045mm±  

TDCGE 0.048mm±  

Table 3. Maximum tracking error: ( )max maxe e t= . 
 

 (1) TDC (2) TDCGE (2)/(1)*100 

Joint1 0.0182 deg 0.0033 deg 18.13% 

Joint2 0.0313 deg 0.0111 deg 35.46% 

Joint3 0.0556 deg 0.0197 deg 35.43% 

 
Table 4. Mean deviations of tracking error: ( ) ( )

0

1
0

ft

mean f
t

e t t e t dt
−

= − ∫
 

 (1) TDC (2) TDCGE (2)/(1)*100 

Joint 1 0.0025 deg 0.0010 deg 40.00% 

Joint 2 0.0078 deg 0.0018 deg 23.08% 

Joint 3 0.0103 deg 0.0023 deg 22.33% 

 
 

 
 
Fig. 9. 3 DOF spatial robot system. 
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which is set with highest possible values without control chat-
ter. 

 
4.2.2 Experimental results 

The experiment results are displayed in Fig. 10. The maxi-
mum tracking errors and the mean deviations of tracking er-
rors are listed in Table 3 and 4, respectively. 

Fig. 10(d), (e) and (f) clearly show that the TDC has large 
tracking errors due to Coulomb friction slightly after the in-
stants when each joint of the controlled system crosses zero 
velocity as the case of 1 DOF linear motor. Coulomb friction 
belongs to a class of nonlinear friction having rapidly chang-
ing characteristics.  

In comparison, however, the TDCGE reduces the tracking 
error vastly: the maximum error of joint 1 due to the TDCGE 
is about 18% of that of the TDC; the maximum error of joint 2 
and 3 due to the TDCGE are about 35%. Fig. 10(g), (h) and (i) 
show that the TDCGE has a torque profile similar to that of 
the TDC and does not increase unwanted effects such as chat-
tering. The experimental results confirm the effectiveness of 
the TDCGE against Coulomb friction, one of nonlinear fric-
tion, with similar level of input torque in the multi degree-of-
freedom robot manipulator. 
 

5. Conclusion 

An enhanced control, called the TDCGE, is proposed for 
robot manipulators in this paper. The TDCGE is more robust 
than the TDC, because the TDE error is effectively cancelled 

out by the gradient estimator. The gradient estimator is a type 
of high pass filter for the TDE error. The TDCGE has a sim-
ple gain selection procedure as the TDC. Experiments with a 1 
DOF linear motor and a 3 DOF spatial robot manipulator are 
carried out in order to verify the advantages of TDCGE, such 
as good robustness against nonlinear friction and simple de-
sign procedure. 

At present, we are carrying out a profound study on the in-
tegral actions of the TDCGE and the relationship between the 
TDCGE and PID-based control. Upon the completion of the 
study, the result will be reported. 
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Appendix 

A.1 Stability analysis of TDCGE 

The globally uniformly ultimately boundedness of the over-
all systems with nonlinear friction is demonstrated.  

If the Lyapunov function is considered as 
 

0.5= TV Ε Ε� � , (A.1) 
 

where Ε�  denotes dt∫ ε� , the time derivative of the 

Lyapunov function is then 
 

ˆ=− +T TV Ε ε Ε ε� � � . (A.2) 

From ˆ dt= =∫GE GEε K ε K Ε�� , Eq. (A.2) can be re-written as 
follows: 
 

=− +T T
GEV Ε K Ε Ε ε� � � � . (A.3) 

 
It can be determined that 

 

{ }if then , wherei i i i
> = -1

GEΕ d V < 0 d K ε�� . (A.4) 
 

If ε  is bounded, it can be concluded that Ε�  is globally 
uniformly ultimately bounded with the ultimate bound 
 

i i≤Ε d� . (A.5) 
 

This condition means the degradation of stability robustness 
due to the gradient estimator. 

The boundedness of ε  can be shown in the same manner 
of the stability proof shown in [4]. The closed-loop error dy-
namics of the proposed control (14) can be re-written as fol-
lows: 
 

ˆ
or

D Pe + K e + K e + ε = ε
v - θ = ε

�� �
�� , (A.6) 

 
where ( ) ( ) ˆd − −d D P dv = θ + K θ θ + K θ θ + ε�� � �  as (22). 

Using (1) and (A.6) gives 
 

( ) ( )( )
( ) ( ) ( ) ( )

M θ ε = M θ v - θ

= M θM θ v + V θ,θ + G θ + D - τε F +

��

� . (A.7) 

 
A combination of (8), (22) and (3) gives 

 
( ) ( ) ( )

( ) ( )
( ) ( )

( )
( ) ( ) ( )

( ) ( )

               + ,

               ,

               

t L

t Lt L

t L

t Lt L

−

−−

−

−−

⎡ ⎤⎢ ⎥⎣ ⎦
⎡ ⎤⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
⎡ ⎤⎢ ⎥⎣ ⎦

M θ ε = M θ v + V θ,θ

G θ + F + D - Mv - θ,θ,θ

= M θ - M v

- M θ - M θ + ∆

= M θ - M v - M θ - M θ

- M θ - M θ θ +

θ

∆

M θ ε

M ε

�

� ��

��

��

��

 (A.8) 

 

where 
( ) ( )
( ) ( )       t L t Lt Lt L − −−−

∆ = V θ,θ + G θ + F + D

- V θ,θ - G θ - F - D

�

� . 

As Coulomb friction and stiction in F are bounded, it is 
clear that ∆  is bounded for a sufficiently small L . Substi-
tuting t L t L t L− − −θ = v - ε��  from (A.6) into (A.8) yields 

 
( ) ( )

( ) ( )
( ) ( )

               

               
t L t L

t Lt L

− −

−−

⎡ ⎤⎢ ⎥⎣ ⎦
⎡ ⎤⎢ ⎥⎣ ⎦
⎡ ⎤⎢ ⎥⎣ ⎦

M θ ε = M θ - M v
+ M θ - M ε - v

- M θ - M θ θ + ∆��
 (A.9) 

( )

( ) ( )

1

1
1     

t L

t L

−
−

−
−

⎡ ⎤
⎢ ⎥⎣ ⎦
⎡ ⎤
⎢ ⎥⎣ ⎦

ε = I - M θ M ε

+ I - M θ M v - v + η
, (A.10) 
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where ( ) ( ) ( ){ }1
1 t Lt L

−
−−

⎡ ⎤⎢ ⎥⎣ ⎦η = M θ M θ - M θ θ + ∆�� . 
In the discrete-time domain, this can be represented as 

 

( ) ( ) ( )

( ) ( ) ( )

1

1
2 1

1

          

k k k

k k k

−

−

⎡ ⎤ −⎢ ⎥⎣ ⎦
⎡ ⎤
⎢ ⎥⎣ ⎦

ε = I - M M ε

+ I - M M η + η
 (A.11) 

 
where ( ) ( ) ( ) ( ) ( ) ( ){ }1

1 1 1k k k k k k− ⎡ ⎤− −⎣ ⎦η = M M - M θ + ∆�� , and 
( ) ( ) ( )2 1k k k⎡ ⎤−⎣ ⎦η = v - v . 

In Eq. (A.11), ( )1 kη  and ( )2 kη , from the view point of 
( )kε , considered as forcing function, which are bounded for 

sufficiently small time-delay L . Clearly, (A.11) is a first-
order discrete Eq. and asymptotically bounded if roots of 

( ) 1k −⎡ ⎤
⎢ ⎥⎣ ⎦
I - M M  reside inside a unit circle. Appropriate values 

for M should be selected to satisfy the stability. 
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